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Abstract. A logistic matrix model for age-structured population dynamics is 
constructed. This model discretizes a continuous, density-dependent model 
with age structure, i.e. it is an extension of the logistic model to the case of 
age-dependence. We prove the existence and uniqueness of its equilibrium 
and give a necessary and sufficient condition for the local stability of the 
equilibrium. 

I. Introduction 

The dynamics of a population with age structure, closed to immigration and 
emigration, are described by McKendrick (1926) and yon Foerster (1959) as 

Ou/Oa+Ou/Ot=-i.~(a)u(a, t), (1) 

I? u(O, t)= f(a)u(a, t) da, 

where age a and time t are continuous variables, u(a, t) is population density, 
m is the maximum attainable age, f (a)  is fertility and t x ( a ) > 0  is the force of 
mortality at age a. The McKendrick-von Foerster equation (1) is equivalent to 
Lotka's renewal integral equation model for population dynamics (Lotka (1925)). 

Density dependence is a ubiquitous theme in population ecology. In general, 
fertility and mortality are functions of age a and functionals of density u(a, t). 
In yon Foerster's model, fertility and mortality may be replaced by F(u)(a, t) 
and D(u)(a, t), respectively. Fertility and mortality may be specified in other 
ways as well. In a frequently studied case, these vital rates are functions of the 
total population 

N(t)  = u(a, t) da, 

or of a weighted average of  the density function with respect to age. This is an 
example of  a nonlinear model for population dynamics. 
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A significant advance by Gurtin and MacCamy (1974) led to further investiga- 
tions of nonlinear models. Gurtin and MacCamy (1974, 1979) and Gurney and 
Nisbet (1980) allow F and D to depend on age and total population. Sinestrari 
(1980) studies the case in which F and D are functions of age a and current 
population u(a, t). Rorres (1976, 1979) and Blasio et al. (1982) assume that 
fertility depends on population size defined as a weighted average of the density 
function, while mortality depends only on age. 

A special case is studied by Marcati (1982) in which D is assumed to be a 
linear function of the total population. His model is age-dependent with a 
logistic-type nonlinear death rate. Marcati assumes that different age groups are 
affected by each age group at different rates. Thus F and D are functionals of 
density u(a, t). Rotenberg (1975) and Cushing (1984) also investigate this general 
case. Rotenberg takes the simplest nonlinear example of a death rate that depends 
on the population to be one in which population enters as a linear functional, 
such that 

f0 D(u)(a, t )=  ~ ( a ) +  y(a, ~)u(~, t) d~:, 

where y(a, ~) is the density-dependent effect of the population aged ~ on the 
mortality of the population aged a. This is a natural extension of Marcati's model. 
Webb (1985, pp. 263-269) reviews an age-structured logistic population model 
with density-dependent mortality (but linear fertility) and gives extensive refer- 
ences. 

To model density-dependent fertility, let 

{fo } F(u)(a, t) = f ( a )  exp - ~(a, ~:)u(~, t) d~ , 

where ~(a, ~:) is the density-dependent effect of the population aged ~: on the 
fertility of the population aged a. Then the model for density dependence is 

Ou/Oa+Ou/Ot=-tz(a)u(a,  ')-[fo y(a, ~)u(s c, t )d~]u(a,  t), (2)1 

u(O, t) = f (a )  exp - "~(a, ~)u(~, t) d~ u(a, t) da. (2)2 

This is a natural extension of the logistic model to the case of age dependence. 
It is necessary to extend the logistic model to describe age dependence because 

the original model fails to take into account the effects of age differences in a 
population. For example, Lloyd (1965, 1968) showed that, when crowded 
together, there are complex interactions between flour beetles (Tribolium cas- 
taneum) that are at different stages in the life cycle. Consequently, he found a 
rather poor agreement between the counts of adult beetles and the best fitting 
logistic curve. Varley (1974) concluded: "This experiment suggests that the 
attempts to explain the adult curve in terms of the Verhulst-Pearl equation fail 
partly because the equation completely neglects the changing age structure of 
p o p u l a t i o n - . . .  The logistic equation, therefore, seems unsuitable to describe 
the growth of insect populations where the rate of increase is normally high and 
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the longevity of different age classes is long relative to the time periods con- 
sidered." 

Observed biological data are often presented in discrete form. For this reason, 
matrix models are very useful for biologists. Moreover, matrix calculations are 
easy. One of the most famous models in population ecology is the Bernadelli- 
Lewis-Leslie matrix model developed by Bernadelli (1941), Lewis (1942) and 
Leslie (1945). This model deals primarily with simple birth and death processes 
in populations. 

The Bernadelli-Lewis-Leslie matrix model has been studied extensively. 
Leslie (1948) considers cases in which some of the elements of the model are 
density-dependent. His investigation is limited to cases in which density depen- 
dence acts on either survival or fertility, but not both, and requires that these 
elements be proportional to a given function of the total population size. Ziebur 
(1984) gives a closed-form solution of a density-dependent age-structured logistic 
model of Leslie (1948). Pennycuick et al. (1968) and Pennycuick (1969) simulate 
by computer the trajectory of a population under a density-dependent Bernadelli- 
Lewis-Leslie matrix model in which the fertility and survival elements are propor- 
tional to separate functions of the totalpopulation. Cook and L6on (1976) discuss 
stability for a 2 • 2 matrix model with density dependence. The behavior of the 
Bernadelli-Lewis-Leslie matrix model with density-dependent fertility is investi- 
gated by Guckenheimer et al. (1977) and by Levin and Goodyear  (1980). Fisher 
and Goh (1984) study the stability of a special matrix model with density- 
dependent fertility in which only individuals in the oldest age group are repro- 
ductive. 

The ordinary Bemadelli-Lewis-Leslie matrix model corresponds to a discretiz- 
ation of the continuous model (1). If  model (2) is regarded as an age-structured 
extension of  the logistic model, then what kind of matrix model discretizes (2) ? 
Furthermore, what can be said about the equilibrium and stability of such a 
model? We shall prove the existence and uniqueness of equilibrium, and give a 
necessary and sufficient condition for local stability. 

Much detailed analysis is required here to establish the existence and unique- 
ness of the equilibrium. It seems likely that the same analytical techniques could 
be applied to more general nonlinear matrix equations that retain key properties 
of the nonlinearities we assume, or that our laboriously attained results follow 
more easily from general facts about iterations of nonlinear maps. Both of these 
possibilities remain to be explored in future work. 

Elsewhere we will give methods to estimate the parameteis of this model and 
apply the model to data. 

2. The model 

If a population is observed at discrete points in time, spaced one unit apart, then 
time t and age a are discrete variables. Let both t and a be integers such that 
t = k, a = i, k = 0, 1, 2 , . . . ,  and i = 0, 1 . . . . .  m. The population size of individuals 
of age a where i <~ a < i + 1 at time t is denoted 

io n~(t) = u(i+h,t) dh, i = 0 , 1  . . . .  , m - l ,  (3) 
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and called the ith age group of  the population at time t. Because we are interested 
in population size only at discrete times t = k, we have the approximation 

ni(k) ~- n , (k+  h), 0<~ h < 1. (4) 

Assume that 
1. /.~(a)--/~ a n d f ( a ) = f ,  where i<-a<i+l, i = 0 ,  1 , . . . ,  m - l ;  
2. y ( a , ~ ) = y ~  and ~(t~,~)=~v, where i<-a<i+l, j ~ < j + l ,  i, j - - 0 ,  

1 , . . . , m - 1 .  
Consider model (2) on the characteristic (a + h, t +  h) through (a, t). We have 

Ou/Oa+Ou/Ot= lim [u(a+h+ ah, t+h+ Ah)-u(a+h, t+h)]/Ah. 
Ah~O 

Let ~ ( h ) =  u(a+h, t+h). Then Eq. (2) implies that 

d~/dh=[-~(a+h)- f :y(a+h,~)u(~, t+h)  d~] ~(h). 

Integrating this with respect, to h on the interval [0, 1) gives 

(I0 u(a+l,t+l)=u(a,t)exp - i~(a+h) dh 

- f f I :Y(a+h,~)u(r  �9 

Taking into account assumptions 1 and 2 with a = i, t = k, we have 

{ m-1 I~ } 
u(i+l,k+l)=u(i,k)exp - ~ - j ~ o  yo nj(k+h) dh , 

i=O,  1 , . . . , m - 1  and  k=O,  1 , . . . .  

If, instead of  integrating in (3), we replace u(i+h, t) by u(i, t) so that ni(t)~ 
u(i, t), and use this with (4), we have 

ni+l(k+l)=ni(k)exp{-t~i- ~, yo.nj(k)}, i = 1 , 2 , . . . ,  m. j=l 
Let s~ = e -~' be the survival proportion of  the population in the ith age group. 
We assume henceforth that s~ < 1. Thus 

ni+a(k+ 1) = n~(k)s~ exp %jn:(k , i = 1,..., m. (5) 1 
For the discrete case, we must consider the possibility that reproduction rises 

throughout the time interval I t - l ,  t). The boundary condition (2)2 must be 
changed to 

fol u(h, t) dh= f] { I :  f(a) exp[ - I :  ~,(a, ~)u(~, t -h)  d~]u(a, t -h)  da} dh. 
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Taking t = k, we have 

f o I ~ l f f  i + 1  [ m-lf j+l ] } nl(k)  = f(a) exp - j  aj ~ = o  ~ ~o ~(a,~)u(~,k-h)d~ u (a , k -h )  da dh 

Io( ]Io } = fi exp - j  o t~=o ~= ~ u ( j+~ ,k -h )  d~ u ( i+a , k -h )  da dh 

fO Im~ 1 I m-1 ] } = f e x p  - E ~/~jnj(k-h) n,(k-h)  dh. 
t i=o I_ j=o  

Using (4), we have approximate ly  

}n n , ( k + l ) = i = , f e x p  - j  tgunj(k  ) ,(k). (6) 

Together  (5) and (6) are a discrete form of  the logistic model  (2)�9 
Let  N ( k )  = (nl (k)  . . . . .  nm(k)) r denote  the popula t ion  vector  at t ime k, where 

r denotes the transpose.  F and S are fertility and survivorship matrices, respec- 
tively, as follows: 

F= (! (i ' o o 
0 . . .  0 

0 " ' '  , S = s 2 " � 9  0 
�9 �9 , 

. . . 

0 " " " S i n _  1 

0 t 

0 

0 , 

0 

and /~(]V(k)),  E(_Kf(k)) are m x m diagonal  matrices such that /~(_KT(k))= 
diag(~i(]Q)), E(N(k))= diag(e i (N)) ,  where 

~i(Nr(k)) = e x p , - j = 1  • 3'~ ' ei(Nf(k)) = exp -j--~l Y~ ' 

i= l , . . . ,m .  

Equat ions  (5) and (6) can be written in matrix form as 

N(k+I)=[FE(tV(k))+SE(1V(k))]IV(k)=M(1V(k)))V(k). (7) 

M( /V(k) )  is also a Bernadel l i -Lewis-Les l ie - type  matrix but  its nonzero  elements 
are all funct ions of  the popula t ion  vector. If  fro # 0, then we can write 

M(/qr(k)) = MD(N(k)), 

where M = F+S is an ordinary  Bernadel l i -Lewis-Lesl ie  matrix,  which is 
necessarily nonsingular,  and D(1V(k)) describes the density dependence ,  i.e. 

D(I~(k))=M_I(F~_,+SE).= ( 01 
\ f l ( G  - ex) 

w h e r e  fi  = f / f , ,  i = 1, . . . ,  rn - 1. 

0 

e2 
f2(~2 -- e2) �9 - .  i , , /  

Equat ion  (7) is the logistic matrix model  we shall study. It is a discrete analogue 
of  the logistic model  with age structure (2). I f  y(a, ~) = ~(a, ~) = 0, then model  
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(2) reduces  to mode l  (1), which describes the case of  densi ty independence .  In 
the same way, if  y,~ = 3;ij = 0, then E and /~ in mode l  (7) are identi ty matrices 
and  (7) is an ord inary  Bernade l l i -Lewis -Les l i e  matr ix  model .  

We now consider  some  simplifications o f  mode l  (7). Let (7) in full generali ty 
be referred to as case 1. 

Case 2. I f  the dens i ty -dependen t  sensitivity is the same for  bo th  survivorship 
and fertility, then yq = yij, i, j = 1 , . . . ,  m. In this case, /~ (N)  = E ( ~  r) = D ( N )  
where  D(N(k) )  = d i a g ( e i ( N ( k ) ) .  

Case 3. I f  the dens i ty -dependen t  sensitivity of  each age group  i to each other  
age g roup  j is the same for  all j, i.e. y~ = yi, i, j = 1 , . . . ,  m, then the diagonal  
e lements  o f  D(~r(k)) are ei(N(k))= exp{-yiN(k)},  where N ( k ) =  Z~=1 ni(k) is 
the total  popu la t ion  at the t ime k. 

Case 4. In  case 3, a s sume  that  % = 3/, i = 1, . . ,  m. This means  that  ther  density- 
dependen t  sensitivity of  every age group  is the same. Mode l  (7) can then be 
writ ten as 

N ( k  + 1 ) = M e-~'N(k)_Kl(k). 

This is the s implest  case of  a matr ix  mode l  o f  dens i ty -dependen t  popu la t ion  
dynamics .  Desharna is  and  C o h e n  (1986) discuss this model .  

I f  m = 1 (without  age structure) ,  the matr ix  M is a scalar. Let M = h = e r. 
Then  mode l  (7) becomes  

N ( k +  1) = e x p { r -  yN(k)}N(k) ,  

which is the wel l -known difference equat ion  ana logous  to the logistic differential 
equat ion  (May  (1974)). 

3. Equilibria 

I f  there exists a popu la t ion  K/-*= (n~*, . . . ,  n~)  T that  satisfies the relat ion 

~/-* = M(~r* )~ r* ,  

then its size and  age s tructure remain  constant ,  according  to mode l  (7). Such N *  
is defined to be an equi l ibr ium popula t ion .  

At an equl ibr ium N * ,  the matr ix  M ( N * )  must  have a dominan t  e igenvalue 
of  1 and  the equi l ibr ium N *  must  be an e igenvector  cor responding  to this 
eigenvalue.  

In this section, the existence and uniqueness  of  the equi l ibr ium will be  
descr ibed by Theorems  1 and 2. The proofs  of  Theorems  1 and 2 will be deferred 
to the last section o f  the paper .  

The character is t ic  equa t ion  of  the matr ix  M ( N )  is 

A m _ f l d l g l A  m--1 _ f 2 d 2 e l g 2 A  m - 2  . . . . .  f,~dme, " " �9 e m - l g m  ~ -  O ,  

where 

i 

dl = 1, di+x - ~  1-~ Sk, i = 1 , . . . ,  m -- 1, 
k = l  
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el-----exp(--j~ 1 Toni}, e~----explj~l Tijnj}. 

Define 

F(e~ . . . .  , e,,_~, e l , . . . ,  er,) = 1 - f l d l ea - f2d2e l e2  . . . . .  f , ,d,,el " "" e,,-lem, 

which is just  the left side o f  the characteristic equat ion when A = 1. 
We write In x for the real natural  logari thm of  a positive number  x. Since we 

shall have no occasion to take the logari thm of  any numbers  other than positive 
reals, no questions can arise about  multiple branches of  a funct ion involving In, 

Theorem 1. Finding the equilibrium of  model (7) is equivalent to solving the following 
set o f  non-linear equations: 

c( 'Yl ld  1 + '~12d2x I + "~13d3XlX2 + . �9 �9 + ] / l m d m x 1  . �9 �9 I r a _ l )  = - I n  X1, 

c (  T i l d  1 + "~i2dzXl  -I- ~/i3d3xix2-.[-  . �9 �9 -4- T i m d m x  1 �9 �9 �9 X m _ l )  = - I n  xi, 
(8)1 

e( y,,,-1,1dl + y,~-l,Ed2Xl + Ym-a,3d3xlx2 + " �9 " + %,,-1,radix1 " " " x.,-1) = - l n  x.,-1, 

F ( x l ,  " " ,  X m - 1 ,  X l , ' ' ' ,  X m )  = 0 ,  (8)2 

f o r c > ~ O a n d  0 < x i ~ < l ,  i = l , . . . , m - l ,  where 

Xi -= e x p [ - c ( T i l d l  + ~/i2d2X1-4- ~ / i 3 d 3 x l x 2  + .  �9 �9 + ~ i m d m x x  �9 . .  Xm_l) ]. (9) 

Theorem 2. I f  

" y i l = ~ n d l > [  ~ ~iflj] e -2, Xo(C)=C, i = l , . . . , m ,  
j=2 

and the matrix M has a dominant  eigenvalue A > 1, then the equilibrium o f  model 
(7) is unique. 

In case 4, when Yi = Y, i = 1 , . . . ,  m, we have x~ = x = e - ru ,  i = 1 , . . . ,  m. Then 
(8)2 simplifies to 

1 -  ~ fflj e-JvN =0 .  
j= l  

I f  we mult iply this equality by e "vN and we let )t = e rN, we obtain the characteristic 
equat ion o f  M. Suppose A is the dominant  eigenvalue of  M. Then N * - = I n  A / y  
solves this characteristic equation. The equilibrium popula t ion  satisfies 

n* = c 'd1,  n* = c*d2A-1,..., n*  = c* dmA -(m-l~ 

The parameter  c* is selected such that the total popula t ion  at equilibrium is 
N * .  So we have 

c * = { j ~ = l d J A - J + l } - l g * - = { j ~ = l d j A - J + l } - l l n A / ' y .  

When m = 1, the equilibrium popula t ion  size is N *  -= r~ 3', where r = In A. 
Cases 2 and 3 are discussed at the end of  the last section. 
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4. Stability of the equilibrium 

In this sect ion,  using s tandard  techniques,  we give criteria for  local stabili ty based  
on the eigenvalues o f  the l inearized matr ix.  

To s tudy the local stabil i ty of  the equi l ibr ium popula t ion ,  we consider  the 
per tu rba t ion  ~(k)  at t ime k = 0, 1, 2 , . . .  in the ne ighborhood  o f  the equi l ibr ium 
IV* and write JXr(k) = IV* + ( ( k ) .  In  mode l  (7) we have 

JNr(k + 1) = ](r*+ ( ( k +  1) = M ( ~ r ( k ) )  JNr(k) = M ( ~ r *  + ~(k))[ i f r*  + ( (k ) ] .  

Expans ion  of  the right side of  this in a Tay lo r  series abou t  _N-* = M(]Xr*)_~ r* gives 

]~r* + ~(k + 1) = M(JNr*) 2( r* + A~(k)  + O(~(k)~(k)r) .  

Here  A denotes  the m x m matr ix  (au) , 

a o = [(a/Onj)ni(k + 1)] 9*- 

O(~(k)~(k)  T) represents  higher  order  terms in the quanti t ies ( i (k)  which can be 
neglected when  ~(k) is sufficiently small.  It  can be seen f rom (7) that  

A = M(IQ*)  - [F/~ (]Q*)N*/~ + SE(IV*)N*F] 

= F/~ (~r*) ( i  _ N*/~) + SE (]V*) ( I  - N ' F )  

where  I is an m • m unit  matr ix  and N*,/~, and  F are m x m matr ices  such that  

N* = d iag(n*) ,  /~ = (Te), F = (3'0). 

The  behav io r  of  the popu la t i on  in the ne ighbo rhood  of  the equi l ibr ium is deter- 
mined  by  A according  to 

~ ( k +  1) = A~(k)  = Ak+l~(O). 

Let JAil denote  the modu lus  o f  the e igenvalue Ai of  A. By convent ional  arguments ,  
we have  a s t andard  result: 

Theorem 3. Equilibrium is locally stable if  and only if  maxi=l  ...... IAi] < 1. 
In case 2, To = Yo, for i, j = 1 , . . . ,  m, and F = F. Hence 

A = M ( ~ r * ) ( I  - N ' F ) .  

When f m #  O, 

A = M D ( N * ) ( I  - N ' F ) .  

In case 3, when  3'0 = 3"i, j = 1 , . . . ,  m we obtain  N * F  = diag(3'~n*)l T, where  1 
is an m • 1 matr ix  with all e lements  equal  to 1. 

In  case 4, 

N * F  = 3'~r*l r. 

When  m = 1, wi thout  age structure,  we have  N * F  = 3'N*. Matr ix  A is a scalar;  
A = A e-rN*(1 - 3'N*). I f  we put  r = In A, then  N *  = r/3" and A e -~N* = 1. In  this 
case, the necessary  and  sufficient condi t ion for  local stability of  the equi l ibr ium 
is that  I A l = l l - r ] < l  or  0 < r < 2 .  Lewont in  (1958) and M a y  (1974) give this 
same  result  for  the difference equa t ion  ana logue  o f  the logistic differential 
equat ion.  
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5. Proofs of Theorems 1 and 2 (from Sect. 3) and auxiliary results 

P r o o f  o f  T h e o r e m  1. Let ~r* = ( n * , . . . ,  n*)  T be an equilibrium of  model  (7). 
Then  a solut ion of  (8) is c = n*, x~ = n*+l/s~n*,  i = 1 . . . .  , m - 1, as we now show. 
In  fact, f rom (7) we know that  

n*+l = s i e*n* ,  i -- 1 , . . . ,  m - 1, (10) 

where 

Hence 

{m 1 e* = ei(A r*) = e x p  --j----~l "y/jn~ �9 

xi---- n*+l / s in*  = e*, i = 1 , . . . ,  m - 1. (11) 

F rom (10) and (11) we obtain  

n*+l = s ' e * n *  = [ ~k=l sk ] e *  . " " e * n *  = cdi+lXl " " " x , ,  (12) 

xi = e* = e x p { - c ( y i l d l  + yi2d2xl  +" �9 �9 + y~mdmXl" " �9 Xm--1)}, i = 1," ' ' ,  m - 1. 
(13) 

Taking the logari thm o f  (13), we get the first m -  1 Eqs. (8)1. I f  we take into 
account  the functions in (9), (12) and (13), then Eq. (8)2 is just the characteristic 
equat ion o f  the matrix M D ( N * )  when A = 1. So c, X l , . . . ,  x, ,-1,  is a solution o f  
(8). 

Conversely,  if c, X l , . . . ,  xm-1, is a solution o f  (8), and 

nl* = C, rl/*+l = c d i + l X  1 . . . .  Xi, i = 1 , . . . ,  m -- 1, 

then ]V* = (na* , . . . ,  n*)  r is an equilibrium of  model  (7). To see this, we obtain 
f rom (8)1 

yijn* = - I n  xi,  i = 1 , . . . ,  m - 1, 
j = l  

x~=exp  - j  lYiJn -=e*,  i = l , . . . , m - 1 ,  

:~ -- exp - j  1 ~'~ = ~*'  i = 1 , . . . ,  m.  

Because d~+l = side, it follows that  

n*+l = slxin*i = sie*i n*i , i = 1 . . . .  , m - 1. 

Multiplying Eq. (8)2 by  c, we have 

n *  1 = c -~  f l x 1  c + f 2 ; 2 c d 2 x  1 +" �9 �9 d -  f m x m c d m x  1 �9 . �9 X m _  1 

_ ~ *  * ~ *  * ~ *  * 
- f l e l n l  + ' "  �9 + f , ~ e m n m .  +f2e2 n2 

In  summary,  for  the model  

fir* = M ( ~ r * ) ~ * ,  

there is a one- to-one correspondence  between an equilibrium and a solution o f  (8). 
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Lemma 1. For any value o f  c >i O, there exists a solution Xl(C) , . . . ,  Xm-l(C) o f  (8)1 
with 0 < x i ~ < l ,  i = 1 , . . . , m - 1 .  This solution is a continuous, differentiable, 
monotonically decreasing function o f  c. 

Proof  Fix c I> 0. The (single-valued) funct ions - l n  xi, i = 1 , . . . ,  m - 1, which are 
on the right side o f  (8)1, decrease monoton ica l ly  f rom +oo to 0 as xi increase in 
the interval 0 < x i  <~ 1. On  the other  hand,  regarding the left side o f  (8)1, the 
funct ions 

c(y~xdl + y~Ed2Xl +"  �9 �9 + y~,,dmXl " " " Xm-1), i ---- 1 , . . . ,  m - 1 

increase monoton ica l ly  with every xj in the interval 0 < xj ~ 1, j = 1, 2, . . . ,  m - 1; 
m the ith such funct ion increases f rom c 'Y i ld  I ~ 0 when every xj = 0 to c )~=1 7odj < 

+oo when every xj = 1. Fur thermore,  the above functions are monotonica l ly  
increasing as a funct ion o f  x = (Xl,.  �9  xm-1) in this sense: if x 1 = (xJ , . .  �9 Xm_l)l 
and x 2 = (x 2, 2 1 2 �9 . . ,  xm-1) and  xj>~x) for a l l j  = 1 , . . . ,  m -  1, then the ith funct ion 
above evaluated with x = x I is greater than or equal to the ith funct ion above 
evaluated with x = x 2, for  i = 1 , . . . ,  m - 1. 

The first equat ion (for i = 1) o f  (8)1 gives a funct ion f rom the unit  (m - 2 ) - c u b e ,  
0 < x ~  < 1, i - - 2 , . . . ,  m - l ,  into the interval 0 < X l  ~< 1: 

Xl = X l ( X 2 , . . . ,  x,,-1). (14) 

Under  the constraint  (14), the second equat ion (for i = 2) o f  (8)1 also has a right 
side that  decreases monotonica l ly ,  and a left side that increases monotonical ly ,  
as x2 increases in the interval 0 < x2 ~< 1. Therefore a funct ion 

x2 = x 2 ( x 3 , . . . ,  xm-1), (15) 

f rom the unit  (m - 3)-cube,  0 < x~ ~< 1, i = 2 , . . . ,  m - 1, into the interval 0 < x2 ~< 1 
is determined.  Hence bo th  (14) and (15) are determined s imultaneously by the 
first two equat ions o f  (8)1. Cont inuing to the last equat ion o f  (8)1, we obtain 
recurrence relations 

X 1 "~- X l ( X 2 ,  . �9 . , Xm--1), 

X 2 = X 2 ( X 3 , . . .  ,xm_l), 

Xm_ 2 = Xm_2(Xm_l)  , 

Xm_ l = g~ 

determined by (8)1. Because V is determined,  the solution x = (Xl , . .  �9 x,,-1) o f  
(8)1 is also determined.  Since x depends on c, we write x = x(c) .  

It is evident f rom the fo rm of  the Eqs. (8)1 that  a small change in c will lead 
to a small change in x(c) ;  further, by  implicit differentiation, that  x (c )  is a 
differentiable (vector-valued) funct ion o f  c. 

Let xi(cl),  i = 1  . . . . .  m - l ,  be a solution o f  (8)1 for  C=Cl. I f  c z > c l ,  it is 
obvious that  

c2['Yildl + ]/i2d2Xl( Cl) 4 - . .  �9 4- ~/imdmXl( Cl) �9 . .  Xm _l( Cl) ] > - I n  Xi( Cl) , 

i = 1 , . . . , m - 1 .  
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Hence 

x i (c2)<xi (c l )  for c2> Cl. 

Corollary 1. For the solution x~(c), i = 1 . . . .  , m -  1 o f  (8)1, the functions o f  c, 

F~( c ) = c[3'ildl + 712d2xl ( c ) + " �9 �9 + "YimdmXl ( C ) ' '  " Xm- l ( C ) ], 

i = 1 , . . . ,  m -- 1, increase monotonically with c. 

Proof  Obvious from (8)1 and Lemma 1. 

Corollary 2. Let  x* and x**,  i = 1 , . . . ,  m -  1, be solutions o f  (8)1 for  given c* 
and c**, respectively. Let  X*o = c*, Xo **=  c**. I f  x*i = x**, i =  O, 1 , . . . ,  p - 2 ,  but 
X'p_ 1 ** # Xp_l, then 

[ (~p  j--1 ) (~=p j--1 ) ] /  gcg< 
")lijdj II x~ - ~/ij4 [I X~k * (X~--l--Xp--1)> O, 

j k=O / j k = 0  
(16) 

i = p , . . . , m - 1 ;  p = l , . . . , m - 1 .  

Equation (16) follows directly from Corollary 1 when p = 1. Suppose p > 1. 

and 

p - 2  

II x* 
k = 0  

are regarded as constants (depending on x* = x~**, i =  1 , . . . ,  p - 2 ) .  
Now regard xp-i as a parameter in (17). As in Lemma 1, for i = p , . . . ,  m - 1 ,  

the solutions x~ of  (17) are decreasing as functions of Xp_l. Therefore, again as 
in Lemma 1, 

BeXp-l[3',vdp+3',,p+ldp+lxv+" "+y imd , , xp"  "" xm-1], i = p , . . . ,  m - l ,  

are increasing monotonically with xp-1. Hence (16) holds for x*_~ ~ x*-*l. 

Lemma 2. I f  

7 i 1 = 7 i l d 1 > [ ~  g/udj]e -2, X o ( C ) = c , i = l , . . . , m ,  (18) 
j = 2  

then ~ (  c) given by (9) are monotonically decreasing functions o f  c, i =  1 , . . . ,  m. 

Proof. According to Lemma 1, if x~(c), i = 1 , . . . ,  m -  1, solve (8)1, then the 

Proof. 
I f  x*  = x**, i=  1 , . . . ,  p - 2 ,  we can regard the two sets of functions x* and 

x**, i = p , . . . ,  m -  1, as solutions of the equations 

A, + Bpxp_l[ 3,1pdp + 3'i.p+ldp+lxp +" �9 �9 + 3'imdmx e" �9 " xm-1] = - l n  xi, (17) 

i = p , . . . ,  m - l ,  

corresponding to the parameters x*_l and Xp_l** respectively. Here 

p--1 j--1 

A~ = Y. 3'~j4 [I x*,  i = p . . . .  , m - 1 ,  
j = l  k ~ 0  
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funct ions  on the right, and  therefore  also the left, o f  

[ - I n  x i (c )] /c  = yildl + yi2d2xl(c) +" �9 �9 + yi,,,d,,,xl(c) " " x,,_a(c), 

i = l , . . . , m - 1  

are mono ton ica l ly  decreas ing in c. Then 

d / d c  {[In xi (c)] /c}  = [cx~(c) - x i ( c )  In xl]/[c2xi(c)] > O, 

cx[ > xi In x~, i = 1 , . . . ,  m - 1. (19) 

Therefore ,  f rom (9), recal l ing that  Xo(C) =- c, 

d /dc .~ i ( c )=- .~ i ( c )  #/ij4 II  Xk(C)/C+C[~'i2X~ +" " "+9/mdm(Xl" "" Xm)'] �9 
j 1 k=O 

From (19), we have 

d / dc.~( c) < -.~,( c){ ~,ild~ + ~2d2xl( l + ln xl) + " " " "b "Yimdm[ ~H=i Xk ] 

x l + l n  I I  xk �9 
k = l  

Using the e lementary  inequal i ty  

( ~ X k ) ( l + l n  [I Xk) k=a i = l , . ' . , m - - 1 ,  

in combina t ion  with condi t ion  (18), we have  

~/~ ld l+ 'y i2d2x l ( l+lnx l )+ '"  "+'yimd,,, Xk l + l n  I~ Xk 
I k = l  

Then  )?~(C) < 0. 

Corol lary  3. Let S~(c)=dlc+d2CXl(C) ,  where Xl(C) solves (8)1. Then S~(c) 
increases monotonically in c. 

Proof. F r o m  (9), it is evident  that  Sl(C) = - l n  ~ if we take ~i~ = yi2 = 1 and  ~ = 0, 
j = 3 , . . . ,  m. With this assumpt ion ,  and recall ing that  d~ > d2, it is obvious  that  
(18) is satisfied. Thus,  f rom L e m m a  2, 2~(c)= exp{-Sl (C)}  decreases monoton i -  
cally and  Sl(C) increases monoton ica l ly  as funct ions  of  c. 

Corol lary  4. For x* and x**, i = O, 1 . . . .  , m - 1, as in Corollary 2, with x* = x**, 
i = 0 ,  1 , . . . , p - 2 ,  we have 

dp+lXp-lXp) - t.4 ...** + ** ** * [(dpxv* 1 --k * * , ~ ' p ~ p - I  dp+aXp-lXp )](xp-1 - X'p*-1) >! O. (20) 

Equality holds i f  and only i f  x*- i  = X**l. 

Proof  When  p = 1, (20) fol lows directly f rom Corol la ry  3. Corol la ry  4 extends 
Coro l la ry  3 to the case p > 1. 
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Using the notation introduced after (17), define 

Yi = exp(Ai)xi, i = p , . . . ,  m - 1. 

Equation (17) could be written as 

BpXp_l[Yipdp+Yi,p+lflp+,yp+...+Yimdmyp... ym_l] = - l n  yi, (21) 

i - - -p , . . . ,  m - l ,  
i--, 

where tip = dp, di = d~ exp{--Y~k= p Ak}, i = p + 1 , . . . ,  m -- 1, and Xp_l is a parameter. 
Because A~ > 0, we have the inequalities di+l < di, i = p , . . . ,  m -  2. 

For a solution of (21) corresponding to xp-1, we consider the function of xp_, 

Sp (Xp_,) = dpXp_l --[- dp+lXp_lXp (Xp-l) = dpXp_l "~- dp+,Xp--lyv (Xp-1). 

It is clear from Corollary 3 that Sp(Xp_O increases monotonically with xp-1. x* 
and x**, i = p , . . . ,  m - 1 ,  are solutions of (21) corresponding to x*-i and x*-*l 
respectively. Therefore (20) holds. 

Lemma 3. For given c, there is only one solution of  (8)1 in the unit (m - 1)-cube. 
Proof According to Theorem 1, the solution of Eq. (8), corresponds to the 
equilibrium of a special model of population dynamics, 

n i + , ( t + l ) = s i e x p  -- j  1 Yijnj(t) ni(t), i = l , . . . , m - l ,  n l ( t )=c .  (22) 

in which reproduction measured by nl(t) is a constant independent of the 
population size. To prove the uniqueness of the solution of  (8)1, we have only 
to prove the uniqueness of the equilibrium of model (22) for a given c. 

Suppose there are two equilibria, n* and n**, i = 1 , . . . ,  m for a given c. If  
we prove that n*=n** ,  i = 1 , . . .  , p  ( p ~ l )  implies np~+, = rip+l,** then, since 
n* = n** = c, Lemma 3 is proved. 

To prove this, using the mean value theorem, we have 

Tp~n* n * -  sp exp - j  1 - n p + O - ( n * - n * * ) = s  , exp --j~l ~ ypjnj J n p  

, **  
- -  ( r i p  - -  n v  ) 

= - A (  n* - n**) - B {j~=l ypj( n* - n**) }, 

where 

A = 1 - sp exp - j  1 ypjn > O, 

B = sp exp - j  , ypj[n* + O(n** - n*)] n** > 0, 

Hence 

np*+, - rig* ]2 [rig ~ : ,~2  ,~p+l] - \ t ip  - t~p ] 

0<~0~<1. 

= E ( n * + , -  * *  * * *  * r i p + , ) -  (n,, * * *  * *  - n~ ) ] [ ( n ~  + n ~ + i ) ]  np+1)-(np + 

= -  a ( n * - n * * ) + B  s ~An*-, ,**) [(,,*+,,*+O-(n**+ ** 
j 1 
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I f  the solut ions x* and  x** o f  (8)1 cor respond  respect ively to the equil ibria n* 
and  n** o f  (22), then 

i i 

n*+l = di+l I-[ Xk*, n*+*l = di+l l-I Xk**, i = 0 , . . . ,  m -- 1. (23) 
k=O k =0  

When p = 1, we have  

(n* n * * ) 2 - ( n * - n * * ) 2 = - A ( n  * ** * * - -  - - n l  ) [ (n l  + n 2 ) - ( n * l * + n * * ) ]  

- B  ~,~,n*- ~,ljnj [ ( n ~ + n ~ ) - ( n * * + n * * ) ] .  
j i j = l  

From (23) we get 

n *-n**-'*-~**- .,o -,o , ( n * + n * ) - ( n * * + n * * ) = ( x * + d l x * x * )  - (xo** + dlxo**xl**), 

j-1 j-1 
~tljnj*.-- ~ ~lljnj ** - -  -- ~ ~/ljdj I I  X~- -  ~ ~tljd j l-I X@k *" 

j= �94 j = l  j = l  k=O j ~ l  k=O 

Using Corol lar ies  1 and  3, we have  

( .*  - n * * ) ' -  ( n *  - nl**) 2 ~ o 

hence 

I n * - n * * l < _ l n * - n * *  I. 

When  p > 1, suppose  that  n* = n**, i - 1 , . . . ,  p -  1. These equalit ies hold  if  
and  only if  x* = x**,  i = 1, . . . ,  p - 2. Because 

n*-ti**=dp[~___~x*](X*-l-x*p*--1), 

we have  

* *  _ * * * * ("* + " * + 0 -  ("** + rip+,) - o Xk 

- (dpxj,_l + dp+lXp_,xp )], 

j~ l  j=l j=p j=p 

j--1 j--1 

j=p k=O j=p k=O 

F r o m  Corol lar ies  2 and  4, it fol lows that  

(~ * - -  ~ * *  ~ 2 - -  ( n / *  - -  n i * * ) 2  ~-~ 0 ,  i = 2 ,  m - l ,  t ~ i + l  I~i+l.I �9 . �9 

hence 

U p + l l  ~ iI~p - -  U p  I" 

I f  n* = n**, then  n*+l = n,+l.** 
Proof  o f  Theorem 2. Accord ing  to L e m m a s  1 and 2, x~(e) in (8)2 and  2~(c) 
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in (9) are monotonically decreasing functions of c. Therefore 
F ( X l , . . . ,  Xm-1, ; 1 , . . . ,  s is a monotonically increasing function of c. Because 
xi(0) = s = 1, and limc_,+o~ x i ( c )  = 0, we have 

lim F ( x l , . . . , X m - 1 , ; 1 , . . . , ; m ) =  1 > 0 ,  
C---> q-oo 

F(O)  = F ( x , ( O ) , . . . ,  Xm-l(0), ;1(0) . . . .  , ;m(0)) = 1 -- ~ f~a,. 
i = 1  

Here ~mlf~d~ is the net rate of reproduction (NRR) when the population is 
density-independent. If  N R R >  1, i.e. F(0) <0 ,  then Eq. (8)2 must have a unique 
and positive solution c. Hence (8) has a unique solution, and the equilibrium for 
model (7) exists and is unique. 

It is known (e.g. Keyfitz 1968, p. 102) that the matrix M has  a dominant 
eigenvalue A > 1 if and only if NRR > 1. 

On the basis of Lemma 1, in case 2, where we assume "~# = y~j, we do not 
need the conditions of (18) for the first m - 1 age groups but impose them only 
on Ymj. 

In case 3, when 3'o = 7i, i, j = 1 , . . . ,  m, (8)1 becomes 

c 'y i (  d I + d 2 x  I + d 3 X l X 2  + .  �9 �9 + d m x  I . �9 . X m _ l )  = - I n  xi. 

Now replace the parameter c by the new parameter N (which turns out to be 
just the total population size) according to the transformation 

N = c ( d  1 + d 2 x  1 + d 3 X l X 2 + "  �9 �9 + d m x  1 . . . X m _ l ) .  

Then (8)1 simplifies to x~ = e -v'N. Because of the special form of Xm = e -rmN, 
Lemma 2 holds without (18). Equation (8)2 is changed to 

1 - f l d  I e - y l N  . . . . .  f m d m  el  -(yI+'''+ym)N = 0. (24) 

I f  N* is the unique solution of  (24), let e * = e  -v,N* and c*= 
N * / ( d l + d E e * + , . . + d m e * l  " " e * _ l ) .  The equilibrium must be N * =  
(n l* , . . . ,  n*)  r, where 

n*l = C*dl,  n* = C'dEe*l, n* - * * * - c d3el e 2 , . . . ,  n *  = c ' d i n e * ' "  " e * - l .  

From this, it is evident that the solution N* of  (24) is simply the total population 
at equilibrium. 
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