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A population projection (or forecast, here synonymous) is an estimate of the
numbers, composition, or distribution of a future population. Recent systematic
analyses indicate that past forecasts generally failed to recognize realistically the
extent of their own uncertainty (Henry and Gutierrez 1977; Ascher 1978; Keyfitz
1982; Stoto and Schrier 1982; Stoto 1983; Smith 1985).

This paper compares several methods of generating confidence intervals for
forecasts of population size. These methods are of two main kinds: model-based
methods, derived from an explicit demographic model; and empirical methods,
based on the distribution of errors of forecasts. The model-based methods and one of
the empirical methods are used here with human population data for the first time.

Of the two model-based methods used here, the first (Heyde and Cohen 1985;
Heyde 1985) rests on a generalization of a demographic model (Cohen 1976a) for age-
structured populations. The model, a stochastic version of familiar component
projection methods, is based on a demographic interpretation of products of random
matrices (Furstenberg and Kesten 1960). The second model-based method uses the
estimators of the long-term growth rate and long-term variability derived by Heyde
and Cohen but combines these estimators differently to estimate confidence inter-
vals. These two methods give both projections and confidence intervals for those
projections. They do not give confidence intervals for projections derived from other
models.

The third method adapts an empirical approach of Williams and Goodman (1971)
to constructing confidence limits for economic forecasts. It requires that population
projections be derived from another source. A fourth method uses Stoto’s (1983)
analysis of errors of published projections. These projections were prepared by the
traditional component method.

In comparing the confidence intervals generated by the four methods, I forecast
according to Heyde and Cohen in all cases. The Heyde-Cohen forecasting procedure
boils down to fitting a simple exponential curve exactly through the first and last data
points of a time-series of population sizes. This forecasting procedure, while familiar
and appealing (e.g., Henry and Gutierrez 1977; Stoto and Schrier 1982; and Stoto
1983), is not an a priori assumption of the demographic model but a maximum
likelihood estimator derived from martingale limit theorems (Hall and Heyde 1980)
by Heyde and Cohen (1985). This demographic model, which provides a rich
representation of age-structured populations with fluctuating vital rates, admits such
a simple forecasting procedure because the forecasting procedure is derived not from
the short-term but from the asymptotic behavior of the model, which is exponential
growth. In this respect and others, the demographic model on which the forecasts of
Heyde and Cohen are based is a stochastic generalization of stable population
theory.

The model-based methods of estimating confidence intervals are not universally
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applicable. They apply where the model’s underlying assumptions are consistent
with historical time-series of appropriate data, or where, in the absence of appropri-
ate historical data, the underlying assumptions may be presumed relevant, pending
data to the contrary.

As Stoto (1983) has pointed out, demographers have analyzed the accuracy of
population projections in one of two usually disjoint ways: either by analyzing
mathematical models for population growth, or by empirical analysis of past
projections. This paper is one of apparently few to compare approaches based on a
stochastic population model and on empirical estimates of uncertainty.

I first review the demographic model and the methods of estimating confidence
intervals that are based on it. I test the assumptions of the model with the Swedish
data and use appropriate portions of the data to estimate confidence intervals. I then
adapt the method of Williams and Goodman (1971) and compare the confidence
intervals estimated by the empirical methods of Williams and Goodman (1971) and
Stoto (1983) with those estimated by the first two methods. Where possible, I also
compare the confidence intervals estimated here with those based on previous
analyses of Saboia (1974). I conclude with tentative recommendations and with
unanswered auestions.

MODEL-BASED APPROACHES TO ESTIMATING CONFIDENCE INTERVALS
Theoretical background

The classical theory of populations with age structure assumes that age-specific
birth and death rates are constant in time (Keyfitz 1968) or change deterministically
(Coale 1972). Various models have been developed for age-structured populations
with age-specific vital rates that vary stochastically, i.e., with a random component
(see Alho and Spencer 1985, and Cohen 1985, for reviews). Here, for the first time
with human population data, I use a model of age-structured populations with
stochastic vital rates based on products of random matrices. Various cases of this
model have been studied by Cohen (1976a, 1977a,b, 1979a,b,c,d, 1980, 1982), Lange
(1979), Lange and Hargrove (1980), Lange and Holmes (1981), Charlesworth (1980),
Slade and Levenson (1982), Tuljapurkar and Orzack (1980), and Tuljapurkar (1982).
See Tuljapurkar (in press) for a recent review. The model was first used to analyze
population data by Cohen, Christensen and Goodyear (1983) and Goodyear, Cohen
and Christensen (1985) in a study of time-series of striped bass numbers. Heyde and
Cohen (1985) analyze a general form of this model, which I now describe. ‘

Consider a large age-structured population with stochastically fluctuating vital
rates. As in the usual matrix formulation of the component method of population
projection (see Keyfitz 1968), the number of individuals in each of d age classes at
time ¢ is represented by a column d-vector Y(¢). The age-specific rates that would
project the population forward by one time unit from ¢ to ¢ + 1, in the absence of
immigration, are represented by a d X d matrix X(¢ + 1). Commonly, each element of
the first row of X(¢ + 1) represents the effective fertility of the corresponding age
class during the period from ¢ to ¢t + 1. The subdiagonal commonly contains the
survival proportions. The following analysis applies not only to this standard
interpretation of the matrix X(¢ + 1), but also to all linear generalizations, e.g., to
multiregional or (linear) two-sex or parity-structured populations.

The number of net migrants in each age class at time ¢ + 1 is represented by a
column d-vector V(¢t + 1). This vector needs to be added to the model only if net
migration to or from the population between ¢ and ¢ + 1 is not a linear function of
Y(#), the population existing at time ¢. Net migration that is a linear function of ¥()
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can be absorbed into the elements of X(¢ + 1) without adding any V(¢ + 1).
Given an initial population ¥(1) at time 1, the dynamics of the population are
modeled by

Y+ D=Xt+ DY)+ Ve + 1), t=1,2,... e))

I assume that the projection matrices {X(¢)} form a stochastically stationary
ergodic sequence that is uniformly mixing in a sense specified by Heyde and Cohen.
Here “‘stochastically stationary’> means that the joint probability distribution of any
finite number of the matrices X is invariant with respect to shifts in time. By
contrast, ‘‘demographically stationary’’ refers to a population that is constant
exactly or on average in total size and, sometimes, in age-specific vital rates.
Roughly speaking, the sequence {X(¢)} is ‘‘ergodic”’ if, for every event defined in
terms of a finite number of matrices X, the average frequency of the event converges
almost surely to the probability of the event. Qualitatively, uniform mixing means
that the vital or other rates in the matrix X(¢,) at time ¢, approach independence of
the rates in the matrix X(z,) at time £, as the times ¢, and ¢, become farther apart. The
sequence of projection matrices will be uniformly mixing in the sense specified if the
matrices are independently and identically distributed or if they are finite in number
and determined by an ergodic Markov chain of arbitrary finite order. These special
cases probably cover most cases of practical demographic interest.

I also assume that there is a uniform upper bound on the largest vital or other rates
that can occur in the matrices X; that for some integer K any product of K matrices
has all of its elements positive with probability 1; and that there is another constant
C, a positive number greater than 1, such that, with probability 1, the ratio of the
largest element of X to the smallest positive element of X is less than or equal to C.
All three of these assumptions are plausible for the projection matrices used with
age-structured human populations and are true for the historical projection matrices
that have governed the Swedish population.

The total size of the population at time ¢t may be written Z(f) = 1'Y(f), where 1 is
the vector with every element equal to 1. The methods to be described apply not only
to total population size but to any age group within the population, and more
generally to any linear function a’Y(¢) of the population vector Y(f) where a is a
nonnegative nonzero d-vector. For example, if a were the vector of labor-force
participation rates, the methods could be applied to the size a’ Y(¢) of the labor force.
For simplicity, I analyze here only the total population size.

Let W(¢) = log Z(¢) be the natural logarithm of the population size at time ¢. (I use
natural logarithms throughout.) In the absence of nonlinear net migration, i.e., with
V = 0 always, if the model (1) satisfies the above assumptions, then asymptotically
(i.e., after a long time) the population size Z(¢) almost surely becomes proportional to
\'. This is equivalent to saying that, with probability 1, W(#), the logarithm of
population size, asymptotically grows linearly at a rate log \ per unit time. If log\ >
0, then the population is increasing; if log A < 0 then the population is decreasing;
and if log A = 0 then on average the population is demographically stationary in total
size. For the stochastic model (1), log \ is the precise analog of the intrinsic rate of
natural increase r for classical stable population theory. Moreover, after a long time,
W(f) — t log \ becomes normally distributed with mean 0 and standard deviation
equal to t'2¢. Stable population theory might be thought of as the special case of this
stochastic model in which o = 0.



