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The theory of evolution by natural selection depends on the concept of fitness,
or selective value. Fitness has been defined in many ways: as the expected
number of offspring in the long term, as the expected time to extinction, and as the
absolute or relative numbers of offspring in the following generation or genera-
tions (Li 1955; Crow and Kimura 1970). Fitness has been formalized using selec-
tive coefficients (Haldane, Wright), the Malthusian parameter (Fisher), and in
other ways (Prout 1965; Charlesworth and Charlesworth 1973; Slobodkin and
Rapoport 1974). Darwin’s concept of fitness and some of its offspring are re-
viewed by Mayr (1972, pp. 87-89).

A concept of fitness ought to make possible statements of the form, ‘‘under
given circumstances, a is more fit than »,”” when a and b are genotypes. In what
follows, I will refer to the fitness of genotypes, but the general results in this paper
do not depend on genetic mechanisms. They apply equally to the fitness of traits
or of combinations of traits.

Studying the fitness of genotypes without reference to the ecology of the
individuals with these genotypes is appropriate if the fitnesses of genotypes are
homogeneous throughout the range of the species. Following Mayr’s (1963, p.
415) classification of the ecological adaptations of species, a single ranking of
fitness suffices for a species narrowly specialized for a single, constant environ-
ment or a number of identical, constant environments (‘‘a very narrow niche’’); or
for a species of broadly tolerant individuals without genetic polymorphisms that
permit specialized exploitation of extremes of the species’ circumstances.

Species are found in, and display genetic adaptations to, environments that give
the same genotype different selective values (Falconer 1960, pp. 43, 133, 322;
types of species (3), (4), and (5) of Mayr 1963, p. 415; Karlin and McGregor 1972;
see Felsenstein 1976 for a review of theoretical work). For example, of two strains
of laboratory mice, one grows better than the other under good conditions, but
worse under bad conditions (Falconer 1960, p. 133). Here the gain in weight is the
measure of fitness. As another example, humans with a deficiency of glucose-6-
phosphate dehydrogenase (G6PD) appear to have a survival advantage in malarial
areas. G6PD-deficient individuals are susceptible to acute hemolytic anemia when
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treated with oxidizing drugs such as antimalarial drugs, sulfa, and nitrofuran
derivatives, and even aspirin. Consequently, G6PD-deficient individuals serving
in the United States armed forces in malarial areas may suffer from prophylactic
drugs as a result of the same G6PD-deficiency that is an advantage under different
circumstances (Omenn and Motulsky 1978). There are so many other examples of
this sort that Omenn and Motulsky use the term ‘‘eco-genetics’’ to describe
“‘studies of genetically determined differences among individuals in their suscepti-
bility to the actions of physical, chemical, and biological agents in the environ-
ment”’ (p. 83).

Call a ranking of genotypes by fitness in a particular population in a particular
environment an environmental fitness-ranking. The central question of this paper
is, Under what conditions is it possible to aggregate different environmental
fitness-rankings into an overall ranking of genotypes by fitness, for the species?
When environmental fitness-rankings can be aggregated, then the aggregated
species’ fitness-ranking can be studied as a function of genotypes only, without
reference to particular environments and populations. When aggregation is not
possible, then “‘fitness,”” by whatever criterion, cannot be understood without
knowing the fitness of genotypes in the several environments in which the species
occurs.

Another perspective on the same question is, If a species’ fitness-ranking,
aggregated from environmental fitness-rankings, must have certain specified prop-
erties, what kinds of species’ fitness-rankings are possible? What species’ fitness-
rankings are consistent with desired properties of an aggregation procedure? This
perspective replaces the question, ‘‘Can fitness be aggregated?’’ with the ques-
tion, ‘“When can fitness be aggregated?’’ In the extreme case, if the desired
properties are inconsistent, then no aggregation is possible.

The logical relation between environmental fitness-rankings and a species’
fitness-ranking aggregated from them does not seem to have been studied system-
atically. This omission may leave a student of evolution with the impression that
there is no difficulty in finding an aggregation procedure that will have reasonable
properties.

I propose below a set of six axioms to describe some desirable or plausible
properties of the relations between a species’ fitness-ranking and environmental
fitness-rankings. Since this set of axioms is not self-consistent, no species’ fitness-
ranking satisfies these axioms. I consider some ways of restoring self-consistency
to the axioms and some implications of the results for theories of fitness.

PROPOSED AXIOMS FOR FITNESS FUNCTIONS

Instead of referring to ‘‘particular populations in particular environments,’’ I
will speak of a species as divided into econs. By econ, I mean a local population or
deme in its local environment. Two initially identical environments occupied by
populations of different sizes and genetic compositions would be two different
econs. Two initially identical demes (populations) in different local environments
would also be different econs.
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The six axioms may be stated informally and interpreted biologically. The
axioms are numbered here to correspond with the formal statements of the axioms
in the Appendix.

1. The number of econs is finite and greater than one.—This axiom assumes
that there are at least two, but less than an infinite number of, populations of
the species in different environments, or differing populations in similar environ-
ments.

2. There are at least three genotypes.—In a diploid species, this assumption is
true if there is at least one heterozygous locus. If “‘genotypes’’ are traits, then
there must be at least three traits.

3. Whatever the environmental fitness-ranking of each econ, there is a species’
fitness-ranking which is uniquely determined by the environmental fitness-
rankings.—This axiom assumes that in a particular econ, it is possible to assign
not necessarily a numerical value, but some ordering by fitness to the genotypes;
and that whatever the environmental fitness-rankings, one for each econ, it is
possible to aggregate the orderings in a unique way into a species’ fitness-ranking,
which orders the genotypes by fitness without reference to econs.

4. If genotype a is fitter than genotype b in every econ, then genotype a is fitter
than genotype b according to the species’ fitness-ranking.—This axiom assumes
that the species’ fitness-ranking is consistent with the environmental fitness-
rankings when they are unanimous about the relative fitness of two genotypes.

5. Ineach econ, genotype a is fitter than genotype b, or vice versa, and there is
a species’ ordering of a and b. Suppose the econs change in ways that affect the
relative fitness of some other genotypes and possibly a and b, but in ways that
leave the ordering between a and b exactly as they were before, in each econ.
Then the relative ordering of a and b in the species’ fitness-ranking remains
unchanged.—For an example of the effect of axiom 5, suppose there are two
econs and three genotypes, a, b, and c¢. Suppose that initially the first econ’s
fitness-ranking orders the genotypes c, a, b; the second econ’s fitness-ranking
orders the genotypes a, ¢, b; and the species’ fitness-ranking orders the genotypes
¢, a, b. If the first ordering changes to a, b, ¢, and the second changes to ¢, a, b,
then the species’ fitness-orderings consistent with axiom S are ¢, a, b as before, or
a, ¢, b, or a, b, c. In each of these orderings, the relative position of @ and b is
conserved because it was conserved in each econ, in spite of the shift in fitness of
genotype c.

Axiom 5 asserts that only the rank order by fitness of two genotypes in the
various econs determines the rank order by fitness of those two genotypes in the
species’ fitness-ranking. If the rank orders are determined by numerical values
resulting from some measurement or from some calculation based on measure-
ments, axiom 5 asserts that any monotonically increasing function of the numeri-
cal values could serve just as well in the environmental fitness-rankings and
should determine the same species’ fitness-ranking.

6. There is no econ such that whenever one genotype is fitter than another in
that econ, it is automatically fitter in the species’ fitness-ranking, regardless of the
relative fitness of the two genotypes in all other econs.—This axiom assumes
more than one population or environment has some effect on the species’ fitness-
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ranking. If, contrary to axiom 6, the relative fitness of genotypes in some single
econ, a Garden of Eden, determined the relative fitness of genotypes for the
species as a whole, the populations in the remaining environments would be
irrelevant to overall fitness. Axiom 6 rules out this case because in this case there
is no problem of aggregation to discuss.

To decide whether there exist environmental and species’ fitness-rankings that
satisfy these axioms, it is necessary to make the axioms formally precise. One
way to do this, following Fishburn (1970), is presented in the Appendix. It can be
proved that these axioms are inconsistent. This fact is known in economics as
Arrow’s impossibility theorem (Arrow 1963). The force of this theorem in popula-
tion biology may be illustrated by examining some proposed species’ fitness-
rankings.

Before I present these examples, I want to make it clear that I am not accusing
the following authors of having naive expectations of procedures for aggregating
fitness, whether or not they may have proposed such procedures. Rather, by
identifying the authors of models on which the following examples are based, 1
seek to avoid the opposite danger of not giving credit for models that are not
originally mine.

FIRST EXAMPLE

Levins (1968, p. 18) considers a species that occurs in two environments, v = 1,
2. If the numerical fitness of a genotype a in econ v is given by W (a), then a is
fitter than b in environment v if and only if W (a) > W,(b). For a species’ fitness-
ranking in so-called ‘‘fine-grained’’ environments, Levins proposes a weighted
average W = pW, + gW,, where p + ¢ = 1, 0 < p < 1. This is interpreted to
mean that a is fitter than b in the species as a whole if and only if W(a) > W(b).
With at least three genotypes, this species’ fitness-ranking satisfies the first four
axioms and the last. The way in which the fifth axiom is violated is instructive.

Levins does not specify the form of W,. In proposing forms for W,, I go beyond
Levins’ analysis to illustrate the main point of this paper.

One candidate for W, is the net rate of reproduction R, where R(a) is the net rate
of reproduction of genotype a. Another candidate is the intrinsic rate of natural
increase r = (In R)/T, where T is the generation time. Let r(a) be the intrinsic rate
of genotype a. Since r and R are monotonically increasing transformations of
each other, they will yield the same ranking of any pair of genotypes if both
genotypes have the same generation time 7. Axiom 5 then requires that, for the
above species’ fitness-ranking, 7 = pr; + gr, and R = pR, + gR, should also
provide the same ranking of any pair of genotypes. They do not.

For example, take p = 2 and T = 25 yr. Assume for the intrinsic rate r the
values shown in table 1. These values are within the range of reason for human
populations. According to table 1, the intrinsic rate r of genotype a in econ 1 is
0.001, and so on. Thus genotype b is fitter than genotype a, since 7(b) = 0.025 >
F(a) = 0.024. The net rates of reproduction implied by table 1 are shown in table 2.
Genotype a is fitter than genotype b according to R. This reversal in the ranking of
a and b violates axiom 5. Similar reversals occur when some of the numerical



