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Let A(1), A(2), - - - be a sequence of independent identically distributed
(i.i.d.) random real n X n matrices and let x(t) = A(t)x(t —1),t=1,2, ---.
Define X, = supf{lima|| x(t) | 0 # x(0) € R"} where || - || denotes, e.g. the
Euclidean norm, providing the limit exists almost surely (a.s.) and is nonran-
dom, and define )\, analogously with sup replaced by inf. If all n? entries of
each A (t) are i.i.d. standard symmetric stable random variables of exponent
a, then A\, = X, = M\(a). In the standard normal case (a = 2), \,(2) =
(2 exp[¥(n/2)]) 2, where ¢ is the digamma function, and n™/2\,(2) — 1; for
0<a<2,(nlogn) Y\, (a) converges to {2 T'(a) sin(ar/2)/[ax]}"2

Criteria for stability (X, < 1) and instability (A, > 1) are investigated for
more general distributions of A (t). We obtain, for example, the general botind,
. < {r[E(A(1)TA(1))]}/% where AT is the transpose of A and r denotes the
spectral radius. In the case of independent entries of mean zero and common
variance s2/n, this leads to lim sup, X, < s. If the entries of A(t) are i.i.d. and
distributed as W/n'/? where W is independent of n, has mean zero, variance
s? and satisfies E(exp[iuW]) = O (|u|™®) as | u| ] o for some § > 0, then lim
inf,\, = s.

These conditions for the asymptotic stability or instability of a product of
random matrices are of the form originally proposed by May for differential
equations governed by a single random matrix. We give counterexamples to
show that May’s criteria for the system of linear ordinary differential equa-
tions that he considered are not valid in the generality originally proposed,
nor are they valid for the related system of difference equations considered
by Hastings. The validity of May’s criteria for these systems under more
restrictive hypotheses remains an open question.

1. Introduction. Ecologists have long been concerned with the question of
whether ecological communities or ecosystems that are more complex, in some
sense, are also more stable, in some sense. In the past decade, much theoretical
and empirical investigation has been stimulated by May’s (1972) proposal of a
specific quantitative relationship between complexity and stability within the
framework of a mathematically explicit ecological model. May’s model is de-
scribed in Section 4. The results presented here arose from the desire to generalize
May’s model from a randomly constructed dynamical system with coefficients
that are fixed in time to a randomly constructed dynamical system with coeffi-
cients that vary randomly in time.
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For each positive integer n, let A(t),t =1, 2, ---, be an infinite sequence of
random real n X n matrices with elements A (t);;,,j =1, ---, n, and let x(0) be
a nonzero vector in R". Define
(1.1) x(t) =A@) --- A)x0), t=1,2, ...

and letting | x | denote (Y-, | x;|?)*/? for some fixed p € (0, =), define
(1.2) log M(x(0)) = limy.t™" log || x(¢) I,
(1.3) X =inf{A(x(0)): 0 # x(0) € R"}, X\ = sup{\(x(0)): 0 # x(0) € R"}.

We assume in (1.2) that for each x(0), the limit exists almost surely (a.s.) and is
nonrandom. The inf and sup in (1.3) are taken over thése nonrandom values.
For a fixed n, we shall say that the system {A (t)}{, is strongly stable if log X <0
and is strongly unstable if log A > 0. As n 1 o, we shall say that the sequence of
systems is asymptotically strongly stable (resp. unstable) if there exists a positive
integer N such that strong stability (resp. instability) is valid for each n > N.

If the limit in (1.2) exists a.s., it is independent of p for all 0 < p < « because
max, | x| < [ x| < n'?max;| x;| and limy.n'/®” = 1.

In many situations, it can be shown that the limit of (1.2) exists (a.s.) and it
is nonrandom (see Furstenberg and Kesten, 1960, Furstenberg, 1963). We will be
concerned entirely with such situations in this paper and particularly with those
where, for each n, the A(t)’s are independent and identically distributed. The
first purpose of this paper is to point out a number of examples of that type
where A = X and an explicit expression for A = A = X can be obtained. In certain
cases, A can be calculated in closed form, e.g., when the entries of each A(t) are
i.i.d. normal with mean zero. To our knowledge, these are the first nontrivial
(although simple) cases in which log A has been computed explicitly for general
n. In all the examples, conditions can be determined which imply asymptotic
strong stability (resp. instability).

After having obtained our results concerning these examples, we discovered
that they had been partially anticipated by Girko (1976) who considered essen-
tially the same set of examples, but with a different motivation. He gave neither
the explicit expressions for \ (see (2.7) and (2.16) below) nor their asymptotic
behavior (see (2.10)-(2.11) and (2.19)-(2.21) below).

The second purpose of this paper is to extend the conditions for asymptotic
strong stability and instability to more general products of i.i.d. random matrices
where \(x(0)) may not be explicitly expressible. These conditions are of the form
proposed by May (1972) for a linear system of n ordinary differential equations
governed by a single randomly chosen matrix of coefficients fixed in time.

The third purpose of this paper is to show by a number of counterexamples
that the criteria proposed by May, in the generality with which he stated them,
may fail for the system he considered. The related but slightly different “theo-
rems” of Hastings (1982a, 1982b) are similarly false. One of the systems consid-
ered by Hastings is the degenerate special case of (1.1) in which A (t) = A, a fixed
t-independent random n X n matrix. In this case, X is replaced by the (random)
spectral radius r(A) (maximum modulus of the eigenvalues) of A. Rather than
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considering asymptotic strong stability or instability as defined above, one is
interested in criteria which imply that lim sup r(A) < 1 or lim inf r(4) > 1
(either in probability or a.s.). The May criteria may yet turn out to be correct
under hypotheses which are not excluded by our counterexamples.

2. Some explicit examples. We begin with a general proposition which
leads to all our examples. We define for v = 0,

) =1 0, v=1
2.1 log,(v) =4 080V, V= log-(v) =4 —logv, 0<v<1
(2.1) g+(v) 0, 0=<v<l, g-(v) +§° o
Throughout this section A(¢), t =1, 2, .- - will denote a sequence of i.i.d. n X n

real matrices.

PROPOSITION 2.1. Suppose that V, = || A(1)x ||/ x || has a distribution which
does not depend on x in R™\{0}. Then the limit in (1.2) exists, is nonrandom, is
independent of x(0), and is given by

(2.2) log A = Eflog(| A(D)x [/l x )]

providing log.(V.) or log_(V.) or both have finite expectation. If E(log*(V,)) < ,
then for any x(0) # 0, t™*(log || x(t) || — t log \) converges in distribution as
t 1 @ to a normal random variable of mean zero and variance equal to the variance
of log V..

Proor. Either V, > 0 w.p. 1 or V, > 0 w.p. < 1. In the second case the
proposition is true with log A = —. Henceforth we assume the first case. It
follows from the lack of dependence of V, on x that || A(t)x(t — 1) ||/|l x(t — 1) |
is independent of {x(t): ¢’ < t} and hence of {||x(¢t') |/llx(t' — 1)|: ¢’ < ¢}.
Expressing

(2.3) t7oglx(@®) || — t7Moglx(0) || = t7* Biei log[lx(u) I/ 2w — 1) ||,

we see that the summands on the right side of (2.3) are i.i.d. The desired result
now follows from the standard law of large numbers and central limit theorem.
Note that (2.2) also follows immediately from Corollary 3.2 below.

In order to apply Proposition 2.1 when A (1) is normally distributed, we note
the following.

LEMMA 2.2. Suppose Y is a mean zero normal vector in R™ with covariance
matrix C. Let || - || denote the Euclidean 4 norm. Then the distribution of || Y|
depends only on the eigenvalues of C (and their multiplicities). Moreover log(|| Y )
has finite mean and variance unless C = 0, and

Eflog(|| Y )] = *£E[log(Ti1 iZ?)]
Var[log(|| Y[))] = % Var[log(Z. c:.Z?)],

where the c/s are the eigenvalues of C and the Z;s are i.i.d. standard normal
random variables.

(2.4)
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PrROOF. By an orthogonal transformation leaving | - || invariant, Y can be
transformed to a mean zero normal vector with a diagonal covariance matrix
whose diagonal entries are the c¢;’s. Assume C # 0. To see that log(|| Y||) has
finite absolute expectation, we may bound log.(|| Y|) above by “log.(c, (Z} +
.+« + Z%)) where ¢, = max{c;: i=1, ---, n}. We may bound log_ (|| Y||) above
by % log_(c,Z%) where Z, = Z; with j such that ¢, = ¢;. The finiteness of the
moments of these quantities follows from the next proposition.

LEMMA 2.3. Suppose W has a chi squared distribution with n > 0 degrees of
freedom (W=Z%+ ... + Z2). Then log W has finite mean and variance with
E(log W) =log 2 + ¥(n/2) = log 2 + I'"(n/2)/T'(n/2),
Var(log W) = ¢'(n/2) = [I"(n/2)/T'(n/2)] — [T (n/2)/T(n/2)]%,

where I'(r) is the gamma function and Y(r) = T/ (r)/T(r) is the digamma function.

(2.5)

ProOOF. Using the standard formula for the density of W, we have
E(W° = [2"°T'(n/2)]* f wbw™* e/ dw
0

= [['(n/2)]7'2°T(n/2 + b) = exp[(log 2)b + $(n/2 + b) — ¢(n/2)],

where ¢(b) = log I'(b). Since E(W?) = E(exp[b log W]) is the moment generating
function for log W, we know from the finiteness of E(W?) in a neighborhood of
b = 0 that all moments of log W exist and in particular that

E(log W) = (d/db)E(W®) |s=0 = (d/db) log E(W®) |s=0
= log 2 + ¢’'(n/2) = log 2 + ¥(n/2),
Var(log W) = (d*/db®) log E(W®) |s=0 = ¢"(n/2) = ¢'(n/2)
as desired.
THEOREM 2.4. Suppose {A(1);;:1,j=1, -- -, n} are jointly normal mean zero

random variables. Define the n X n matrix C*” by

(cr )ij = [Cov(A (1), A(l)j/) + Cov(A (1), A(l)jk)]/Q-
Suppose that the matrices
(2.6) C(x) = k=1 xx,C*, x €R", Tis (x)? =1,

are isospectral, i.e. have the same eigenvalues and multiplicities, ¢, -, cp,
independent of x. (C(x) is the covariance matrix of A(1)x.) Then Proposition 2.1
applies with || - || taken as the 4 norm, and log X and Var(log V.) are given by
(2.4).

ProoOF. This is an immediate consequence of Proposition 2.1 and Lemma
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2.2 and the fact that
Cov((A(D)x);, (A(1)x);) = Xk, =1 2ex, Cov(A (1), A(1);)
= C(x)u

We remark that a mean zero normal A (1) that does not directly satisfy the
hypotheses of Theorem 2.4 can sometimes be transformed to one that does by
applying a nonsingular transformation T to R" which transforms A(1) to
TA(1)T~'. Equivalently one can replace the norm | x| by the norm || Tx ||. This
extension should be kept in mind when assessing the generality of Theorem 2.4.
A simple situation in which the C(x)’s are isospectral occurs when the columns
of A(1) are independent (so that C*'= 0 for k # /) and identically distributed.
A somewhat more complicated situation can be constructed by replacing such an
A(1) by TA(1)T* with T orthogonal. The next theorem describes the simplest
of all situations.

THEOREM 2.5. Suppose {A(1);;:i,j =1, ---, n} areiid. N(0, s?). Then the
limit in (1.2) exists, is nonrandom, is independent of x(0), and is given by
2.7 log A = Y[log(s?) + log 2 + ¢(n/2)].

Moreover, for any x(0) # 0, t7/2 log(\~*| x(t) ||) converges in distribution to
N(0, ¢%) with

(2.8) o =Yy’ (n/2).
Thus {A (t)} is strongly stable (resp. unstable) if
(2.9) s% < (resp. >)[e *"/?]/2.

A sequence of such n X n systems with s? = s2 is asymptotically strongly stable if
(2.10) lim sup,;on'/?s, < 1

and asymptotically strongly unstable if

(2.11) lim inf,;.n'%s, > 1.

PrROOF. This is an immediate consequence of Theorem 2.4, Lemma 2.3 and
the asymptotic expansion (see Abramowitz and Stegun, 1964, page 259)

(2.12) Y(n/2) = log(n/2) — 1/n + O(1/n?).

REMARK. The exact finite n criterion (2.9) can be combined with (2.12) to
give finer asymptotic criteria than (2.10)-(2.11). For example, if ns2 =1 + (g/n)
+ 0(1/n), then g < 1 (resp. £ > 1) implies asymptotic strong stability (resp.
instability).

The proof of Theorem 2.5 (especially the analysis leading to Proposition 2.1)
yields not only log A\, which describes the asymptotic behavior of || x(¢) || for large
t, but also the explicit distribution of | x(¢)| for finite ¢. In particular, if



