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Contingency Tables

When the entries in a contingency table arise from clustered sam-
pling, the chi-squared statistic conventionally calculated to testsimple
and complex hypotheses about the parameters of the table may
not have the distribution of a x? variate. Assuming a model for posi-
tively associated clustering, this article finds the distribution of the
conventional chi-squared statistic and shows how to correct it to an
asymptotically x2 variate. A numerical example from the epidemiology
of mental illness is given.

1. INTRODUCTION

Clustered sampling is frequent in both experimental
science and sample surveys of populations.

In a large demographic sample survey which motivates
the present analysis, households were selected in clusters

of size six. In each household, the survey recorded the

survival or failure to survive to one year of children born
at least a year earlier, along with social, economic, and
biological characteristics of the family. To study the
interaction of these other characteristics with infant
mortality, it is necessary to allow for a possible depen-
dence in infant mortality experienced by members of the
same sibship. There may also be dependence in infant
mortality among households within a cluster. A sub-

stantial correlation in infant mortality within sibships

has been demonstrated [1, pp. 87, 93] for the same
population in a different survey.

A general strategy for analyzing clustered or matched
samples from contingency tables! is first to test the
clusters for independence among members. Cochran
[87] develops methods for assaying whether the variation
within a cluster differs from the expected binomial
variation (see, also [6, Ch. 87]). If there is no evidence
against independence, the clustering may be ignored.

If clustering seems a prior: likely or is apparent from
the data, methods developed by Cochran [97] and Bennett
[3, 4] and reviewed in an epidemiological context by
Pike and Morrow [137] permit a correct analysis.

Here, performance of the conventional chi-squared
test under clustering is compared to that for indepen-
dence. The conventional statistic may be replaced by one
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which has asymptotically a X2 distribution ; this is useful
both as a computational shortcut and for studying the
effect of neglecting clustering.

2. THE MODEL

Suppose each individual in the sample falls into one of
r > 2 cells. The sample design consists of N independent
clusters each of 2 individuals. Each cluster has a first
and a second individual. Clusters of size K will be con-
sidered and the present results greatly extended by
Altham [2].

When observations on each individual in the cluster
are discretely categorized, the frequency counts X;; of
the number of clusters in which the first individual falls
in cell ¢ and the second fallsin cell j (7, j =1, ..., 1)
may be arrayed in a two-way r X r contingency table.

Such clustered sampling may arise [6, p. 281 when
each sampled individual is classified twice by the same
criteria, either because observations are repeated in time
(in panel studies) or because of some intrinsic symmetry
of the individual (right eye color versus left) or when the
sample consists of couples of individuals each of whom
are subject to the same categorization. The couples may
be paired by some preexisting relationship (husbands and
wives, mothers and daughters, sibs) or by experimentally
imposed case-control matching? on some nuisance vari-
ables. In these cases, there is a natural way of identifying,
within each cluster, which observation or individual is
first (the earlier observation in the panel study, the right
eye, the wife) and which second.

Clustered sampling also arises when there is no natural
ordering, e.g., in clusters of households or adjacent
counties. In such cases, ordering within a cluster is
assigned by randomization.

The r X r table ]ust described has a margin X i of
row sums and a margin X,; of column sums. These two
margins can be rewritten into another 2 X r table in
which the first row gives X;, and the second row gives
X,y ¢t =1, ..., 7. The row sums of this new table are
each necessarily equal to N. The column sums Y; of this

© Journal of the American Statistical Association
September 1976, Volume 71, Number 355
Theory and Methods Section

665



666

new table give the distribution of individuals among the
r categories, irrespective of order within the cluster.

In the following model of clustering, the categorization
of an individual as first or second is assumed not to enter
the hypotheses regarding the r proportions Y,/(2N).

For example, Tsuang [14; p. 2887 determined the
birth order (elder or younger), sex, and diagnosis of each
individual hospitalized for mental disorder in pairs of
siblings. In testing the hypothesis that sex and diagnosis
are independent, he wanted to regard birth order as
irrelevant. But the possibility of clustering within sib-
ships must be considered (and Tsuang did so in a reason-
able, but ad hoc, way). His data are reanalyzed in Section
6. Another example of data and hypotheses with the
same formal structure is [12].

In these examples, the hypotheses tested concern
marginal tables with entries Y, obtained by collapsing
contingency tables (of dimension one higher than the
margin) across the dimension which specifies the ordering
in the cluster. For example, in [147], let r be the number
of cells in the array Sex X Diagnosis; then the 2 X r
table Birth Order X (Sex X Diagnosis) would be col-
lapsed across Birth Order to test a (compound) hy-
pothesis regarding the Y;, namely, that Sex and Diagnosis
are independent. Section 5 sets out this model more
explicitly.

When each observation is independent of all others,
i.e., in the absence of clustering, Bishop [5] has deter-
mined the conditions under which collapsing a con-
tingency table across a dimension will preserve in-
variant the relations of interest between the remaining
dimensions.

When clustering is not excluded by the sample design,
we proceed as follows. Let X,;; be the number of clusters
in which the first individual falls in cell 7 and the second
falls in cell j;¢, j = 1, ..., r. Define

Xy =2 Xy, Xyj=2 Xy,

j=1

Y, = Xi+ + X+i )

o 1)
t,g=1,...,7r.

Then, . . .
ZY1,=2N, ZX1+=ZX+]=N- (2.2)

t=1 1=1 j=1

To formalize the notion that there is independence
between clusters, suppose that the set of random vari-
ables {X;} is jointly distributed in a multinomial distri-
bution with parameters N and {P;;} where >_;; Pi; = 1.
To formalize a notion of clustering, meaning positive
association within clusters, suppose there are r constants
p:>0, =1, ..., r, 2:p:=1 and a constant aq,
0 < a < 1, such that

Pij = pi(adij + (1 —a)py) , 4,5=1,...,7r . (2.3)

Here, 8;; = 1if 1 = 7, 6;; = 0 if 7 % j. As would be ex-
pected if the-ordering of individuals in a cluster is irrele-
vant to the analysis, P;; = P;;. Thus, (2.3) is a special
case of the model of symmetry in [6, p. 2827]. Define
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P;, and P.;'by analogy to (2.1). Then,

Py = Pyi=ps, (2.4)

The model (2.3) may be interpreted as follows. p; is
the (marginal) probability that the first individual falls
in cell <. Then the conditional probability that the second
individual falls in the same cell ¢, given that the first is
in cell 4, is a linear interpolation between one and p..
When the weight a is one, the second member of a cluster
is slave to the first. Then the sample really contains only
N independent observations on the p;. When the weight
a is zero, the second member is independent of the first.
Then the sample contains 2N independent observations
on the p;. When a is greater than zero, the increased
probability that the second member will fall in the same
cell as the first is removed in constant proportions from
the probabilities of the remaining cells.

If (2.3) is rewritten as P;; = ap:bs; + (1 — a)pipj, then
P;;is seen to be the mixture of p;4;; and p:p; with mixing
probabilities @ and 1 — a, respectively. Altham has
pointed out privately that (2.3) may be viewed as a
specially symmetric mover-stayer model for social
mobility tables.

This model of clustering allows only for positive
association or independence between members of a
cluster, as is the case for many demographic, social and
economic characteristics. The possibility of negative
association is not modeled here.

i=1,...,7r.

3. TESTING A SIMPLE HYPOTHESIS

The conventional chi-squared statistic calculated to
test the goodness of fit of the Y; to a multinomial model
of r cells with probabilities p; > 0,2 =1, ..., r,is

X* = 5 (¥ — 2Npo)*/(2Npy) .

=1

(3.1)

Let ~ mean “has the same distribution in large samples
(N —®).” Then when a =0, X2 ~ X%,_; where the
subscript shows the degrees of freedom (df). When
a = 1, X2/2 ~ X2,_,, since the observed sample size (2N)
is twice the number (N) of independent observations. We
now show that, generally, under the model of Section 2,

We=X/(1+a)~x_,, 0<a<1l. (32

Distributions of this form have arisen previously [7, 11].
To prove (3.2), recall that, according to the multi-
nomial model for X;;,

E(Xi) = NPy;
Cov (Xj, Xie) = N(Pijdudje — PiiPre)

4k t=1,...,7r . (3.3)
Combining (2.1) and (2.4) with (3.3) gives
E(Y)=2Np;,, ¢=1,...,7. (3.4)

Let Z; be a random variable which counts the number of
individuals in cell ¢ in a given cluster. Since each Y is
the sum of N independent, identically distributed copies



