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The two-stage catalytic model of the prevalence of disease in a population
gives estimates of rates that are epidemiologically important. My purpose
here is to examine the effects on those rates of correcting one implicit but
false assumption of the model. This examination and its application to
schistosomiasis illustrate how successive approximations to reality can im-
prove mathematical models which remain inevitably approximate.

The implicit assumption of the model to be corrected is that the death rate
of individuals infected with the disease does not differ from that of indi-
viduals never infected. In the early applications to yaws and histoplasmosis,
Muench (1959, p. 63, 67) noted that excess mortality of infected individ-
uals made it necessary to interpret estimated values of the rate of exit from
the state of being infected as something more than simply the rate of loss of
infection. He did not show how to calculate the impact of selective host
mortality on the estimates. Subsequent applications of the model to schis-
tosomiasis have neglected Muench’s warning or overstated the role of
selective host mortality. The following analysis applies to any disease for
which this model has been used, and may be even more important for some
viral and bacterial diseases than for schistosomiasis.

Mathematical analysis of the ecology, epidemiology, and evolution of
schistosomiasis is burgeoning. Efforts since 1960 include Cohen (1970),
Goffman and Warren (1970), Hairston (1962, 1965a, 1965b), Jobin and
Michelson (1967), Leyton (1968), Linhart (1968), Macdonald (1965), Tallis
and Leyton (1966, 1969), and Néasell and Hirsch (1971).

Assumptions of existing models vary enormously. Hairston’s (1965b) and
my (1970) efforts covertly assume constant death rates. Goffman and War-
ren (1970) assume mortality depending on the state of infection. The scope
of application of the models also varies. Jobin and Michelson (1967) focus
exclusively on snail populations. Hairston (1962) and Goffman and Warren
(1970) attempt to encompass the entire ecology of the disease.

The resulting tangle of notations, assumptions, and conelusions may ap-
pear forbidding to a fieldworker in search of enlightenment, but is not less
foroidding than the chaos of epidemiological data from scattered field sites,
parasites, snails, and mammalian hosts. Cure of this confusion requires more
critical and more cooperative scrutiny of the assumptions, methods, and
goals of both modelers and fieldworkers.
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A MODIFIED CATALYTIC MODEL FOR SCHISTOSOMIASIS

Muench (1959, p. 54-56) proposed and Hairston (1965b) applied to
human schistosomiasis a simple mathematical model intended to account for
the age-prevalence curve in a population in terms of a force of infection and
a force of defection (loss of evidence of current infection). Liet wu(¢) be
the fraction of the population of age ¢ which is not now and has never
been infected. Liet y (¢) be the fraction of the population of age ¢ which is
infected, and let z(¢) be the fraction of the population of age ¢ which was
previously infected but which no longer gives current evidence of being in-
fected. The force of infection @ is the fraction of previously uninfected
individuals who become infected per unit of time (per year, for example) ;
the force of defection b is the fraction of currently infected individuals who
lose all signs of infection per unit of time. Then the two-stage catalytic
model is:

du/dt = —au, w(0) =1;
dy/dt = au — by, y(0) =0; (1)
de/dt = by, 2(0) = 0.

The solution for y (¢) is supposed to describe the observed fraction of indi-
viduals aged ¢ who are infected.

Now suppose that m is the crude rate of mortality (the fraction of indi-
viduals dying per year) among individuals who show no current evidence of
infection : those never infected u (¢) plus those who have lost infeetion 2 ().
Suppose the crude rate of mortality among those y (¢) currently infected is
m -+ €. (Clearly, as N. G. Hairston [personal communication] has pointed
out, it is more plausible to assume a mortality m - ¢ for those previously
infected which differs from the mortality m of those never infected. But no
available data permit this difference &’ to be estimated for schistosomiasis,
so we set it aside for the present.) Liet s(¢) be the fraction of those born
who survive to age ¢, s = % -+ v -+ 2. Then Muench’s catalytic model (1) is
a special case of the slightly more general model:

du/dt = —au — ma, 1w(0) =1;
dy/dt = au — by — (m + ¢)y, y(0) =0; (2)
dz/dt = by — mgz, 2(0) =0;
ds/dt = —m(u +y -+ 2) — ey, s(0) = 1.

It follows from a general theorem (Cohen 1973) that if ¢ — 0, the infected
fraction of the living population y/s at any age predicted by model (2) is
indistinguishable from the infected fraction y of the living population pre-
dicted by model (1). However, if infection affects mortality, so that ¢ 540,
then according to model (2),

Y (b+¢) a(e=®— ¢~ (btat)

i (b+e)ee" —age= O+t L p(b —a+¢) | W

Before I continue with the analysis of the extended model (2), it is use-
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ful to point out some of its assumptions and remaining possible shortcom-
ings. Model (2) shares with Muench’s (1959) original model (1) the as-
sumptions (Sturrock and Webbe 1971) that the ages of individuals can be
determined, that all (or a fixed fraction, Hairston’s [1965b] application)
of them are exposed to infection, that the forces of infection and loss of in-
fection are constant for any particular population, and that infections are
observable. Both models further assume that once an individual loses infec-
tion, he runs no risk of reinfeetion ; this assumption is particularly implausi-
ble for schistosomiasis, though perhaps not for viral or bacterial diseases
which cause different kinds of immune responses. Both models assume that all
forces (of infection, defection, mortality, and emigration) may be deseribed
as if they operate linearly on the populations at risk. Thus both models as-
sume, for example, that when a fixed fraction of the population has never
been infected, the number of individuals who become infected in the next
short interval of time is independent of the number of individuals eurrently
infected. While model (1) neglects both migration and mortality, model (2)
can incorporate emigration in the term for mortality. Model (2) assumes
that the age-specific rate of mortality (plus emigration) is constant over age.
Several of these assumptions offer clear opportunities for further rapproche-
ment of the model with reality.

Muench’s method of estimating the parameters in (1), which is the
method adopted in the applications of this model below, depends on the area
under the age-prevalence curve. For the modified model (2), if d is the
highest age considered, the area under the age-prevalence curve y(t)/s(t) is

A(a, b, e) = ﬁd(y/s)clt
(4)

_1. (b+¢) (b—a-+e) i
g (b +¢e)ee—® — qge— 0+ L h(h —a+¢)
In the limit as & approaches zero, by 1’Hopital’s rule, 4 (a, b, &) approaches
b(1l—e ) —qa(l— e ")
b(b—a)

d
fo ydt

where y is defined by model (1) without mortality.

When the maximum age observed, d, is so large that ¢—"? and ¢~ are
both much smaller than one, the integral (4) in the model with mortality
approaches

~~
(2%
~—

A(a, b,0) =

which is precisely

1 b+ ¢
A, (bye) =—1In —+~
€ [

(6)

The corresponding integral (5) in the absence of mortality becomes the
limit as € approaches zero,
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A, (b,0) =1/b, (7)

which is just the average time during which an (immortal) individual shows
the infection.

In (6) and (7) the subseript oo indicates that d is taken as very large.
In both cases, when sufficiently large ages are included, the area under the
age-prevalence curve is independent of the force of infection a because every
surviving individual becomes infected.

To estimate the force of infection @ and the force of defection b by
Muench’s method of moments, the area under an observed age-prevalence
curve, standardized so that the highest age observed equals d, is calculated.
Since I now consider the possibility that infection may affect the death rate
as described by (2), I call this caleulated area A (a, b, ). In applications so
far this area is set equal to A (a, b, 0) on the assumption that there is no
inerement in mortality due to infection. Similarly, the mean age ¢ of the
infected population is set equal to the mean age

L;ydt / j;dydt

caleulated from (1). Mueneh s nomogram (1959, p. 99) solves these two
equations for estimates @ and b of a and b. Henceforth I ignore the role of
and concentrate on A.

Obviously the estimates obtained in this way are not correct except when
e = 0. The following calculations show how to correct separately the esti-
mates d and b obtained from Muench when ¢ is known approximately and is
small.

For any g, let a(¢) be the force of 1nfect10n which gives the same total area
under the age-prevalence curve as d, b and € = 0; and similarly for b(e).
Thus, a(e) and b (e) satisfy

Ala(e),b,e] = Ald, b(e),e] = A(4,0,0). (8)

If € is not too large, then a(¢) and b(¢) may be closel)/f\ approximated by the
first terms of a Taylor series expansion around @ and b as

da
a(e) :(i—{—s< )6:0,

de

ab
M>~b+a(——lﬂ;
o€

and the partial derivatives in (9) may be found by application of the im-
plicit funetion theorem to (8) :

(9)

da . 04 04
de de da’

0
b oA 0A (10)

e de ab
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The partial derivatives on the right of (10) at ¢ = 0 may be found from (4)
and (5) to be the following unattractive expressions :

( 9A ) B 1 I: —b2— (b—a)? 2(e=% L qde—"?)

e /ey 2 b2 (b —a)? b(b—a)
(be=® b — ge—)2 (11)
v2(b — a)? :' ;
04 e—Vd —ad __1q ae—"% — he—od _
( da >E_0: z—j—(:d_ea) ’ b(be_a;b ¢ ; (12)
04 1 — =% _ gde—"¢
<W>E_o: b(b—a)
. (2b —a) (be=@ — qe~ %" 4 aq — D) (13)
b2(b — a)2

Thus, given d and ¢, to find the corrected forces a(¢) and b(e) of infection
and defection, first calculate the area under the age-prevalence curve, find
the estimates ¢ and § from Muench’s nomogram, and substitute into (11),
(12), and (13), then into (10), and finally into (9).

When d is very large, applying (10) and (9) to the parameter b in (6)
and (7) gives

04 1 04 1
- ) P - (d = © )7
de e=0 2b2 b €=0 b2
which also follow directly from (11) and (13), and finally
b(e) = b — /2. (14)

The conclusions from this caleulation are that, when ¢~ and e—?¢ are
small compared with one, if infection with the disease contributes an inecre-
ment to mortality, then the value for the rate of loss of infection obtained
for model (1) by Muench’s methods overestimates by half that increment
the rate of loss of infection in model (2) which allows for differential mor-
tality. When ¢—?? and ¢~ are nonnegligible, the estimated rates @ and b of
gain and loss of infection can be corrected by the steps following (13). Both
corrected rates a(e) and b(e) are sufficient separately to adjust the area
under the age-prevalence curve so that (8) is satisfied. Hence application of
both corrections simultaneously would overadjust. The actual value of a
must lie between @ and a(g), and the actual value of b must lie between b
and b (e). For infinite d only b requires correction. Hence the larger d is,
the closer a will lie to @ and the closer b will lie to b(e).

OBSERVED MORTALITY AND CORRECTED ESTIMATES FOR HUMANS

I now examine what impact infection with the adult stages of schistosomes
may have on humans. In the next section I examine what impact infection
with the larval stages may have on one speecies of snail.



