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ALTERNATE DERIVATIONS OF A SPECIES-ABUNDANCE
RELATION

JorL E. CoHEN
Society of Fellows, Harvard University, Cambridge, Massachusetts 02138

Exactly the same numerical predictions of the average relative abun-
dance of species that follow from MacArthur’s (1957) “broken stick”
model also follow from a “balls and boxes” model (Cohen, 1966) with a
different set of assumptions. This paper presents a third model, the “ex-
ponential” model, leading to the same numerical predictions. The assump-
tions of this third model are nearly opposite to those of MacArthur’s. The
numerical data which have been taken to confirm the broken-stick model
in fact confirm all three models equally. Hence, this paper describes some
experimental and field obervations which could discriminate among the
available models.

THE BROKEN-STICK MODEL

Considering a community of populations of n different species within
some taxon, the broken-stick model assumes that some critical (abun-
dance-limiting) factor in the environment is fixed in quantity at, say, s
units (per unit time, if the critical factor is a rate). Let n — 1 points
uniformly distributed between zero and s divide the critical factor into
n intervals. The “order statistics” of interval size are the interval lengths
rearranged in order of increasing size. The model predicts that the ranked
average abundances of the species will be proportional to the expected
values of the order statistics of interval size.

The biological interpretation of this model has been to assume that
species partition the available, fixed supply of the critical factor: the
species divide it into mutually disjoint, exhaustive subsets. If the model
is to have any usefulness, the critical factor must be some measurable
dimension of species’ niches. Energy input to the community is currently
favored to be the critical factor. Further explication of the biology of the
model appears in MacArthur (1960), Slobodkin (1961), and King (1964).
Criticisms that the model seems to predict accurately only in certain nar-
rowly defined circumstances yielding certain kinds of data are evaluated
in Cohen (1966) and are quite relevant also to the exponential model to
be presented.

Reviewing the numerous empirical studies of species’ abundance stimu-
lated by MacArthur’s broken-stick model, King (1964) concluded:
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There is, in the author’s opinion, an adequate body of data to permit the state-
ment that the fit of at least some natural associations to the model is not fortuitous.
This is not evidence that the basic stipulation of nonoverlapping and contiguous niches
is correct since the former is obviously not true, at least not true in the strictest sense.
There may, however, be some critical area, such as food utilization, in which very
little overlap is permitted in a stable system. If this is true the limits of such permis-
sible overlap have yet to be defined. Perhaps the studies which will contribute most
to the evaluation of the model are studies of natural history and population dynamiecs
of the tested groups. Without these data it is impossible to accept or reject the bi-
ological assumptions on which the MacArthur model is based.

THE BALLS AND BOXES MODEL

If n species are considered, the balls and boxes model likens the en-
vironment to a target of n boxes. Each box is a “subniche.” The set of all
boxes occupied by balls of a species at the end of the game is that species’
“niche.” For example, a waterhole during a certain season, a grove of fruit
trees, or insects of a certain size might constitute subniches in a game being
played by one group of species. Further explication of the biology of the
model is offered in Cohen (1966, chap. iii).

The n species distribute balls into the boxes until each species’ “niche”
contains a number of subniches different from the number of subniches
in the niche of each other species. That is, one species throws balls until
it has at least one ball in all n boxes; another throws until it has at least
one in any » — 1 distinct boxes; and so on down to the least abundant
species, which throws just one ball, which must land in some one box. The
balls and boxes model predicts that the ranked average abundances of the
species will be proportional to the ranked expected values of the numbers
of balls thrown by each species.

The biological interpretation of this model, in simplified form, has been
that the principle of competitive exclusion is satisfied by letting species’
niches overlap as long as there is at least one subniche they do not have
in common. It is entirely possible that all the subniches of one species may
be among the subniches of a second species, as long as the second has at
least one subniche which the first does not. Hence this model requires a con-
siderably weaker form of exclusion than does the broken-stick model, but it
leads to the same predictions of ranked average abundances.

THE EXPONENTIAL MODEL
Suppose n quantities (random variables) X, . .. X, are independently
and identically distributed with the cumulative distribution function
PriX;<z}=1—¢" A>0, 220, =12 --,n ()
The X; are said to be exponentially distributed with scale parameter A and
location parameter zero. Defining
R,=X,/(X1++Xn)y 7:=1y21""nv (2)

and ranking the n values R; in increasing size gives the n order statistics
Ry, ..., Ru. The expected value of the ith order statistic is
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exactly as in the broken-stick model and the balls and boxes model. The
result (3) is proved in the Appendix.

The exponential model proposes that, at least under the circumstances in
whieh the numerical predictions (3) are confirmed, the abundances of the
species considered behave like independently, identically, exponentially dis-
tributed random variables. Hence, the average relative abundances are
given by (3). The exponential model imposes no restrictions whatsoever on
the degree of overlap or similarity between any or all dimensions of any
species’ “niche.” The model refers only to observable abundances and not
to niches at all.

The exponential model is convincing only if there is some good reason to
suppose that the species’ abundances might be exponentially distributed.
Feller (1966, chap. i) presents a slightly less than infinite number of ways
in which the exponential distribution arises mathematically. Biological in-
terpretations can be attached to many of these. For instance (Feller, 1966,
p. 1), suppose the addition of one animal to a species’ population has proba-
bility 1 — p of occurring and probability p of not occurring; suppose that
this probability is independent of the existing size of the population. (I do
not claim that this is true in general, only that it may be under the cir-
cumstances where [3] holds.) If population growth, viewed as a sequence
of Bernoulli trials, is supposed to continue until the first animal fails to
be added to the population (until the first failure of a Bernoulli trial),
population size will be geometrically distributed. For large population
sizes and appropriate values of p, the geometric distribution approaches
an exponential one.

In general, when species are studied without reference to community
structure, abundances seem to be nearly log normally distributed rather
than exponentially distributed (Preston, 1948; Whittaker, 1965), so the
mode of population growth just proposed certainly does not always hold.
Whether the populations of the special communities for which (3) has
been confirmed may be considered to grow by the mode just described
or by some other mode leading to the exponential distribution is an open
question.

IMPLICATIONS

Now that three distinct models predict the same set of ranked average
relative abundances for a community of n species, one major point of
King’s conclusion becomes more important: “The fit of at least some
natural associations to the [broken stick] model . . . is not evidence that
the basic stipulation of nonoverlapping and contiguous niches is correct”
(1964, p. 726). But experimental and field observations could be made in
order to diseriminate among the three models. Here are some suggestions.

Suppose energy input to the community has been selected as the ecritical,
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abundance-determining factor. Equivalently, suppose we wish to test
whether energy input is a critical, abundance-determining dimension of
species’ niches and whether species partition energy according to the
broken-stick model. We set up a terrarium or aquarium containing a
stable community of n (perhaps only two or three) species in some taxon,
and we make as sure as possible that the energy inputs to the community
are as constant as possible over time. Thus food inputs, heat flows, and
light exposure are either kept constant or kept at a fixed level per, say, a
24-hr period. The abundances of the species are observed on each of a
set of dates over some long period of time (long relative to the time in
which fluctuations in population size occur).

Among the possible measures of abundance are number of animals,
biomass, and respiration calories. Naturally any measure which requires
destruction of the animals makes it impossible to observe the same com-
munity at a later date.

The abundances on each date of observation are then ranked from
smallest to largest and divided by the sum of the abundances on that date.
This procedure yields the relative abundance on each date. At the end of
the experiment, all the smallest relative abundances are averaged to-
gether to give the average smallest relative abundance; all the next-to-
smallest abundances are averaged together, and so on up to the largest
abundances. The resulting n average values are to be compared with the
predictions of equation (3).

If (3) is confirmed, we then face the problem of discriminating among
the broken-stick, balls and boxes, and exponential models; to this problem
we turn in a moment.

If the observed distribution is flatter than would be predicted by (3),
that is, if the largest average value observed is not as large as the largest
average value predicted and if the smallest average value observed is
larger than the smallest average value predicted, then we must consider
the possibility of a threshold effect—a minimum population size required
for each species to survive.

A least squares formula for estimating the threshold from the observed
values, assuming the broken-stick model, is given in Cohen (1966, chap. ii)
along with a formula for predicting the ranked average abundances ac-
cording to the broken-stick model when this threshold is taken into ac-
count. Kendall and Stuart (1961, p. 97) give the computationally simpler,
best linear (minimum variance, maximum likelihood) estimator of the
threshold (location parameter) for the exponential distribution. (In the
47 cases for which data are presented in the Appendix to Cohen [1966], the
numerical values of the threshold given by the least squares estimator and
by the best linear estimator are quite close.) Predicted relative abundances
in the exponential case are calculated from (2) above, where now the X;
need not have a location parameter equal to zero. If the predicted relative
abundances, adjusted for threshold, correspond well to the observed values,
then we may proceed to try to distinguish among the three models.



